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Abstract
We investigate the complexity of the H -colouring problem restricted to graphs of bounded
degree. The H -colouring problem is a generalization of the standard c-colouring problem, whose
restriction to bounded degree graphs remains NP-complete, as long as c is smaller than the degree
bound (otherwise we can use the theorem of Brooks to obtain a polynomial time algorithm).
For H -colouring of bounded degree graphs, while it is also the case that most problems are
NP-complete, we point out that, surprisingly, there exist polynomial algorithms for several of
these restricted colouring problems. Our main objective is to propose a conjecture about the
complexity of certain cases of the problem. The conjecture states that for graphs of chromatic
number three, all situations which are not solvable by the colouring algorithm inherent in the
theorem of Brooks are NP-complete. We motivate the conjecture by proving several supporting
results. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let b be a positive integer; the graph G is b-bounded if all degrees in G are
at most equal to b. We shall assume throughout that b>3. Colouring of b-bounded
graphs is addressed by the well-known theorem of Brooks [2], which asserts that each
b-bounded graph without a component isomorphic to Kb+1, is b-colourable. This fact
leads to an obvious polynomial time algorithm for testing c-colourability of b-bounded
graphs with b6c: they are c-colourable unless they contain a component isomorphic to
a Kc+1 (this is easy to check since c is xed), in which case they are not c-colourable.
This implies that, for instance, the problem of c-colourability of 3-bounded graphs is
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polynomial time solvable for any c (recall that 2-colourability is polynomially solvable
for all graphs). On the other hand, for 4-bounded graphs, while it is still true that
Brooks’ theorem guarantees 4-colourability (unless there is a K5 component), not all
c-colourability problems are polynomial time solvable. In fact, the following is well
known [4].
Theorem 1.1. Deciding whether a given 4-bounded graph is 3-colourable is
NP-complete.
Proof. See [4], or observe that this follows from the result of Holyer [9], who proved
that deciding whether a 3-regular graph has a proper 3-edge colouring is NP-complete.
The class of 4-bounded graphs contains all line graphs of 3-regular graphs.
The complexity of more general notions of colouring has been the subject of much
recent interest [3,6{8]. Let H be a xed graph; an H -colouring of G is a map-
ping c :V (G)!V (H) which preserves adjacency, i.e., such that gg0 2E(G) implies
c(g)c(g0) 2 E(H). An H -colouring of G is also called a homomorphism of G to H .
Let H be a xed graph. The H -colouring problem asks whether a given input graph
G is H -colourable. To see that this is a generalization of the standard c-colouring
problem, note that a Kc-colouring of G is precisely a c-colouring of G. It turns out
that this generalization introduces essentially no new polynomial time solvable cases
| other than modications of the usual 2-colouring problem: it is proved in [6] that
H -colouring is NP-complete unless H is bipartite (in which case it is polynomial time
solvable). On the other hand, the H -colouring problem for directed graphs exhibits
interesting duality properties and resulting polynomial algorithms [7].
Our interest in the complexity of the H -colouring problem was motivated by the
following result of Haggkvist and Hell [5].
Theorem 1.2. Let b be xed. For every connected graph A there exists a graph U [A]
with the following property: a b-bounded graph G is U [A]-colourable if and only if
A is not G-colourable.
Since A is xed, there is a polynomial time algorithm to test whether or not A is
G-colourable: There are only polynomially many (in terms of the size of G) mappings
from A to G, and we can quickly test each of them to see if it is a G-colouring of
A. (The fastest known algorithms to test the existence of a homomorphism from a
xed graph follow from results of Nesetril and Poljak [11], and are based on matrix
multiplication.)
Thus, for each connected graph A, and each degree bound b, there is a polynomial
time algorithm to test whether a b-bounded input graph is U [A]-colourable. Hence,
many nontrivial H -colouring problems for b-bounded graphs are polynomial time
solvable.
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2. Polynomial cases
In this section we shall restrict ourselves to A=K3 and consider only cubic graphs.
(For the general case consult [5].) We shall consider possible graphs U [A] from the
above theorem (which have quite a nice structure [5]). This will give us some intuition
about the polynomial cases of H -colouring.
Note that saying that K3 is not G-colourable is equivalent to saying that G is triangle
free, since triangles can be mapped only to triangles under a homomorphism. Thus The-
orem 1.2 says that a cubic graph G is U [K3]-colourable if and only if G is triangle free.
We now describe the construction from [5] to dene a possible U [K3]. Let X be
any set. The graph UX is dened as follows:
 The vertices of UX are ordered pairs (x; T ) where T is a 3-element subset of X and
x 62 T .
 Two vertices (x; T ) and (x0; T 0) are adjacent if T \ T 0 = ;; x 2 T 0, and x0 2 T .
(We note this construction is related to the symmetric line graphs of oriented
hypergraphs as studied by Ausiello et al. [1].)
It turns out that when X has at least 22 elements, then UX has the property required
of U [K3]. In other words, every triangle free cubic graph G admits a UX -colouring.
This is the essence of [5], and we repeat the argument from [5] here to show how
such a UX -colouring may actually be constructed.
Thus, suppose that G is triangle free and cubic. Then, it is easy to see that the
graph G3 constructed from G by making adjacent all vertices at distance less than or
equal to 3 has maximum degree at most 21. Hence, by Brooks’ theorem, it admits
a c-colouring, with c622. We assign to each vertex v in G of colour i, the image
(i; fj; k; lg), where j; k; l are the three (distinct) colours of the neighbours of v in G.
We now show that this mapping preserves adjacency. Let xy be an edge of G and let
i; j be the colours of x; y, respectively. Thus the images of x; y are some (i; fj; k; lg)
and (j; fi; p; rg), and they are adjacent in UX . Indeed, there are four distinct neighbours
of x or y since G is triangle free, and they all receive dierent colours since all their
distances are at most 3. Thus, fj; k; lg \ fi; p; rg= ;.
Observe that we have not only found that an UX -colouring exists, but we have
actually constructed it, in polynomial time, using the colouring algorithm inherent in
the theorem of Brooks.
We shall now show that the graphs UX tend to have high chromatic numbers.
Theorem 2.1. 1. For every c there exists a set X such that the chromatic number of
UX is at least c.
2. If X has at least 16 elements then the chromatic number of UX is at least 4.
Proof. Suppose X = f1; : : : ; ng.
Part 1. Consider the following graph SX : the vertices of SX are all 3-element subsets
of X , and two such subsets, say fx1; x2; x3g with x1<x2<x3, and fy1; y2; y3g with
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y1<y2<y3, are adjacent if x2 = y1 and x3 = y2. This is a variant of the general
construction of ‘type graphs’ dened in [12]. Note that SX is a directed graph, but we
will also call SX its underlying undirected graph. It follows from Ramsey’s theorem
for the partition of triples [10] that the chromatic number of SX may be arbitrarly large
if X is large.
We now claim that SX is isomorphic to a subgraph of some UX 0 where X 0 contains
X . Let f be a bijection from the set of all 3-element subsets of X to a set Y disjoint
from X and let X 0 = X [ Y . Now, for fx1; x2; x3g 2 V (SX ) with x1<x2<x3, we let
g(x1; x2; x3)=(x2; fx1; x3; f(x1; x2; x3)g) 2 V (UX 0). It is easy to see that g is an injective
homomorphism from V (SX ) to V (UX 0), i.e., that SX is isomorphic to a subgraph of
UX 0 . Hence, the chromatic number of UX 0 is at least as large as the chromatic number
of SX . (In fact, it is easy to see that g is an isomorphism onto an induced subgraph
of UX 0 .)
Part 2. Suppose that UX has a proper 3-colouring. Note that for any triple T the
vertices (x; T ); x 2 X , obtain at most two colours. Indeed, if say (a; T ); (b; T ); (c; T )
all had a dierent colour, then we could not colour any vertex (t; fa; b; cg); t 2 T ,
which is adjacent to all three. We say that a triple T uses colours i and j if all the
vertices (x; T ) obtain one of the two colours i; j. We also say that a triple T is nearly
monochromatic if all but at most two vertices (x; T ); x 2 X; have the same colour |
which we call the majority colour for T .
We now claim that there cannot exist four disjoint nearly monochromatic triples.
Otherwise two of them, say T = fa; b; cg and T 0 = fd; e; fg, would use the same
majority colour. Of the three vertices (a; T 0); (b; T 0); (c; T 0) at least one has the majority
colour, and so does at least one of the three vertices (d; T ); (e; T ); (f; T ). This is a
contradiction, as any such vertices are adjacent in UX .
Therefore, there must exist seven elements which do not contain a nearly mono-
chromatic triple. Indeed, suppose this is not so. Then there is a nearly monochromatic
triple (since jX j>16), and after we remove its elements there is another, disjoint,
nearly monochromatic triple (since we still have at least 13 elements), and so on |
we would obtain four disjoint nearly monochromatic triples, contradicting the above
claim.
Suppose a; b; c; d; e; f; g are seven elements that do not contain a nearly monochro-
matic triple. Assume that the colours for the triple T = fa; b; cg are 1 and 2. (In other
words, all the vertices (x; T ) of UX are coloured either 1 or 2; we also know that there
are at least three coloured by each colour.) Then, we claim that the triple T 0=fa; b; gg
uses the same two colours 1 or 2. Indeed, if one of the colours of T 0 were 3, then sup-
pose that (x; T ) is coloured by 1 and (y; T ) by 2 (note that x and y can be chosen so
that they are both dierent from g). Now some z dierent from c has (z; T 0) of colour 3,
as T 0 is not nearly monochromatic. It is easy to see that the triple T 00 = fx; y; zg is
disjoint from T and T 0, and hence (a; T 00) is adjacent to vertices of all three colours,
a contradiction.
Consider now the seven-cycle of UX whose vertices are: (e; fa; b; cg); (a; fd; e; fg);
(d; fg; a; bg); (g; fc; d; eg); (c; ff; g; ag); (f; fb; c; dg); (b; fe; f; gg):
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We have seen that if the triple fa; b; cg uses colours 1,2, then so does the triple
fg; a; bg, and by the same argument also the triple ff; g; ag, and so on with triples
fe; f; gg; fd; e; fg; fc; d; eg; fb; c; dg. This is a contradiction, as our seven-cycle needs
three colours.
According to the above theorem, the only known triangle free nonbipartite graphs H ,
with a polynomial time solvable H -colouring problem for cubic graphs, namely H=UX
with jX j>22, have chromatic number greater than 3. This motivates our conjecture in
the last section of the paper.
3. NP-complete cases
In this section, we show that for several families of triangle free nonbipartite graphs
H , the H -colouring problem is NP-complete even when restricted to 3-bounded graphs
(and hence to b-bounded graphs with any b>3).
Let us start by considering the C2k+1-colouring problem, k>2. We have the follow-
ing result.
Theorem 3.1. The C2k+1-colouring problem is NP-complete even if restricted to the
class of 3-bounded graphs.
Proof. We reduce a input graph G to a 3-bounded graph G such that G is
C2k+1-colourable if and only if G is C2k+1-colourable.
We replace each vertex x incident with edges e1; e2; : : : ; et with a gadget consisting
of a sequence of t cycles C1; C2; : : : ; Ct of length 2k + 1, consecutively intersecting in
one edge, as depicted in Fig. 1. Note that each edge ei is going to a dierent vertex,
vi, of the gadget, thus reducing all degrees to three or less.
It is not dicult to see that any C2k+1-colouring of G assigns the same colour to all
the vertices vi; i=1; : : : ; t. Hence, any C2k+1-colouring of G leads to a C2k+1-colouring
of G, and conversely.
Fig. 1.
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Fig. 2.
Since the C2k+1-colouring problem is NP-complete (for arbitrary graphs) [6], the
NP-completeness of our problem follows.
More generally, let H be a graph of odd girth 2k+1; k>2, such that every vertex of
H belongs to a copy of C2k+1, and no two copies of C2k+1 in H share more than one
edge. Then the H -colouring problem is NP-complete even when restricted to 3-bounded
(and hence b-bounded for b>3) graphs.
For simplicity we prove this result in detail only in the case k = 2 (but see the
comments after the proof).
Theorem 3.2. Let H be a triangle free graph in which each vertex belongs to a
pentagon; and in which no two pentagons share more than one edge. Then the
H -colouring problem for 3-bounded graphs is NP-complete.
Proof. Given an arbitrary (i.e., n-bounded) graph G=G0 with n vertices, we shall con-
struct in polynomial time a sequence G0; G1; : : : ; Gl of graphs such that Gl is 3-bounded
and G is H -colourable if and only if Gl is H -colourable.
Suppose Gi has already been constructed, and suppose it is k-bounded. Then Gi+1
is constructed by replacing each vertex v of Gi with a gadget  (v) as follows: The
edges at each v are partitioned into t = dpke groups of size approximately pk and
each group is made incident with a separate vertex of  (v) as indicated in Fig. 2.
Observe that:
(i) Gi+1 is 2 + d
p
ke-bounded;
(ii) jV (Gi+1)j= jV (Gi)j(3 + 2d
p
ke);
(iii) Gi+1 is H -colourable if and only if Gi is H -colourable.
The rst two items follow immediately from the construction of Gi+1. We will now
prove (iii). Suppose rst that Gi is H -colourable and let c(v) be the colour of a vertex
v of Gi. Since, each vertex of H belongs to a pentagon, we have that c(v) belongs to
a pentagon, say c(v)= fa; b; c; d; eg. Then, we may colour  (v) as follows: all vertices
aj; j=1; : : : ; d
p
ke, receive the colour c(v) = a, all vertices bj receive colour b and so
on. It is easy to see that this induces an H -colouring of Gi+1.
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Fig. 3.
Let us suppose conversely that Gi+1 is H -colourable. We claim that all vertices
aj, for any j, have the same colour in any H -colouring. In fact, since H is triangle
free, each pentagon of Gi+1 maps into a pentagon of H and if two aj’s had dierent
colours then their corresponding pentagons in  (v) would be mapped into two dierent
pentagons of H sharing two consecutive edges, contradicting the assumption. Hence,
any H -colouring of Gi+1 may be easily transformed into an H -colouring of Gi.
It remains to show that the construction converges to a 3-bounded graph in a number
of steps which is polynomial in n. Consider the recurrence
q0 = n;
qi+1 = 2 + dpqie:
While qi is not too small (qi > 50, say) this recurrence is decreasing like n1=2
i
, i.e.,
quite fast. In fact, after O(log log n) steps we have qi=O(1). When qi becomes smaller
than 6, the inuence of the addition of 2 and of the ceiling aects the situation, and
in fact 2 + dp5e= 5. However, for 6-bounded (and hence also 5-bounded) graphs the
construction yields a 4-bounded graph Gl−1.
Finally, we construct Gl from Gl−1 using the vertex substitution described in
Fig. 3.
It is easy to verify that the nal graph Gl is 3-bounded that it is H -colourable if
and only if Gl−1 is H -colourable.
Thus, the above construction reduces the graph G = G0 to a 3-bounded graph Gl
which is H -colourable if and only if the original graph is H -colourable. It can be
accomplished in polynomial time (in terms of n) since there are O(log log n) interme-
diate graphs and the total number of vertices of Gl is only O(n1+1=2+1=4+) = O(n2).
Since, the H -colouring problem is NP-complete for nonbipartite graphs [6], the theorem
follows.
It follows from [12], that in Theorem 3.2 H can be chosen to have arbitrarily large
chromatic number. In fact, one can prove this way more general results, also showing
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that for some graphs H , the H -colouring problem remains NP-complete even when
restricted to cubic graphs of high girth:
For any positive integers k; g, there exists a graph Hk;g with (Hk;g)= k, such that
Hk;g-colourability is NP-complete for 3-bounded graphs of girth g.
Sketch of proof: Assume g is odd. We start with a graph H with chromatic number k
and girth >g (see e.g. [12]) and to each edge e of H we attach a cycle Ce of length
g in such a way that distinct cycles Ce and Ce0 intersect only in a common vertex of
e and e0. Call the resulting graph Hk;g. The rest of the proof proceeds as above, with
g-cycles in place of pentagons.
On the other hand, it seems that we cannot in general add a girth restriction to
Theorem 3.1. In particular, we do not know whether or not there exist, for any g;
3-bounded graphs of girth at least g which are not C5-colourable. (If the answer was
negative, we would have trivial C5-colouring algorithms for 3-bounded graphs of
some high girth.)
4. Conclusions
We have investigated the complexity of the H -colouring problem for the class of
b-bounded graphs. The most interesting case is that of 3-bounded graphs.
For the H -colouring problem restricted to 3-bounded graphs we have the following
conclusions:
When H has chromatic number two the problem is polynomial time solvable (since
H -colouring is polynomial time solvable for all graphs).
When H has chromatic number greater than three, there exist interesting cases (the
graphs H =U [A]) when the problem is polynomial time solvable. (We have seen this
for cubic graphs, and it remains so for 3-bounded graphs also [5].)
When H has chromatic number three and contains a triangle, then it is easy to
see that an input graph G is H -colourable if and only if it is 3-colourable. As we
have seen, for 3-bounded graphs this can be tested in polynomial time because of the
theorem of Brooks.
The last case concerns graphs H of chromatic number three which are triangle free.
We have not found any polynomial H -colouring problem with such graphs H , and
several examples from Theorem 3.2 yield NP-complete H -colouring problems.
Thus for graphs of chromatic number three, we conjecture that all those problems
which are not solvable by Brooks’ theorem techniques, i.e., when H contains a triangle,
are in fact NP-complete. This would complement the polynomial colouring algorithm
inherent in Brooks’ theorem by the NP-completeness of all other cases.
Conjecture. Let H be a triangle-free graph with chromatic number three. Then the
H -colouring problem for 3-bounded graphs is NP-complete.
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For many graphs H the conjecture holds by virtue of our Theorem 3.2. On the other
hand, we do not know, for example, if it holds for the Petersen graph.
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